Abstract. The paper is concerned with cohomology of the small quantum group at a root of unity, and of its upper triangular subalgebra, with coefficients in a tilting module. We relate it to a certain t-structure on the derived category of equivariant coherent sheaves on the Springer resolution, and to equivariant coherent IC sheaves on the nil-cone. The support of this cohomology is described in terms of cells in affine Weyl groups, and the basis in the Grothendieck group they provide is related to the Kazhdan-Lusztig basis, as predicted by J. Humphreys and V. Ostrik.
1. Introduction. 2 1.1. Quantum groups, tilting modules and cohomology. 2 1.2. Koszul duality conjecture. 3 1.3. Plan of the paper. 4 1.4. Notations. 4 1.5. Acknowledgements 5 2. Coherent sheaves: exotic t-structure, and Positivity Lemma. 5 2.1. Exceptional sets and quasi-hereditary hearts 5 2.2. Sheaves on the nilpotent cone 9 2.3. Exotic t-structure 10 2.4. Exotic and perverse 11 2.5. Positivity Lemma 12 3. Quantum group modules: proof modulo the Positivity Lemma 12 3.1. Some results of [ABG] 1.1. Quantum groups, tilting modules and cohomology. Let G be a semi-simple complex algebraic group of adjoint type, N ⊂ B ⊂ G be maximal unipotent and Borel subgroups, and n ⊂ b ⊂ g be the corresponding Lie algebras. Let N ⊂ g be the nilpotent cone, and let N = T * (G/B) = n × B G = {(gB, x) | x ∈ Ad(g)(n)}, and π :Ñ → N be the SpringerGrothendieck map. For an algebraic group H acting on an algebraic variety X we let Coh H (X) denote the category of H-equivariant coherent sheaves on X, and D H (X) = D b (Coh H (X)) be the bounded derived category.
Let q ∈ C be a primitive root of unity of order l. We assume that l is odd, and prime to 3 if g has a factor of type G 2 ; and also that l is greater than the Coxeter number. Let U q be the Lusztig quantum enveloping algebra [Lq] . We have finite dimensional subalgebras b q ⊂ u q ⊂ U q , where u q is the so-called "small quantum group", and b q ⊂ u q is the upper triangular subalgebra.
For an augmented C-algebra A we write H • (A) = Ext A (C, C), and H • (A, M ) = Ext A (C, M ) for an A module M ; thus H
• (A) is a graded associative algebra, and H • (A, M ) is a graded module over this algebra.
We consider the category U q − mod of finite dimensional graded U q modules; we let U q − mod 0 ⊂ U q − mod be the block of the trivial module, see [ABG] , §3.4 (cf. also [AG] , §1.2). According to [GK] we have H
• (u q ) ∼ = O(N), thus for a u q module M we get an
• (u q , M ). Moreover, it is explained in [GK] that if M is an U q module then the graded O(N) module H(M ) is G-equivariant, thus we get a functor H :
, where the multiplicative group G m acts by t : (gB, x) → (gB, t 2 x). In this paper we provide a reasonably explicit description of H(M ) when M is a tilting object of U q − mod 0 . To state this description we have to recall the category PCoh of G-equivariant coherent perverse sheaves on N with respect to the middle perversity, see [B1] . It is the heart of a certain t-structure on D G (N). For each pair (O, L) where O ⊂ N is a G orbit, and L is an irreducible G-equivariant vector bundle on O there is a unique irreducible object IC O,L supported on the closure of O, and satisfying
]; these are all of the irreducible objects of PCoh. We will prove the following Theorem 1. Let T be an indecomposable tilting object of U q − mod 0 . Then either H(T ) = 0; or there exists a(n obviously unique) pair (O T See Corollary 2 for a more precise statement; the latter also implies, via a result of [B] , a conjecture of J. Humphreys (proved for type A in Ostrik's thesis, see [O1] ), which describes the support of H(T ) in terms of 2-sided cells in the affine Weyl group (Corollary 3); and also Ostrik's conjectures from [O] , §3.2. This was one of motivations for the present work.
In fact, the above statements will be derived from the following stronger results. First of all, besides the objects H(T ) ∈ Coh G (N) we will also describe (though somewhat less explicitly) the objects H(T ) ∈ Coh G (Ñ) carrying more information. The latter are defined as follows. By [GK] we have H
• (b q ) = O(n) = Sym(n * ); thus for a b q module M we get an O(n) module H
• (b q , M ). If M is equipped with an action of the Borel subalgebra B q ⊂ U q then the O(n) module H
• (b q , M ) is equivariant with respect to the adjoint action of the Lie algebra b; if M is one dimensional, an explicit calculation (see [GK] ) shows that this module is locally finite; it follows that the same is true for any complex M of B q modules whose cohomology is finite dimensional. Thus for such M the b action on H
• (b q , M ) is integrated to an action of the algebraic group B, so we get a functor from the bounded derived category of finite dimensional B q modules to Coh B (n). Composing it with the restriction functor from U q to B q we get a functor H :
, where the last equivalence is the induction functor, inverse to F → F| n (recall thatÑ = G × B n).
The description of H(T ) for a tilting object T ∈ U q − mod 0 is as follows. We define a t-structure on the bounded derived categories D G×Gm (Ñ), D G (Ñ), which we call the exotic t-structure; we call objects of its heart exotic sheaves. We prove that the sheavesH(T ) where T is an indecomposable tilting object of U q − mod 0 are precisely the cohomology sheaves of irreducible exotic sheaves. It turns out that for an irreducible exotic sheaf E the object Rπ * (E) is either zero, or isomorphic to IC O,L for some (O, L) . This allows one to deduce Theorem 1.
Actually, all the above results about cohomology of U q modules will be deduced from stronger statements involving isomorphisms of objects in the derived category of coherent sheaves. To state the latter we recall that (the first part of) [ABG] provides a triangulated functor Ψ :
which is "almost an equivalence" (see (17) below for a precise statement).
The following statement is the central point of the present paper, see Theorem 3 below for a more precise statement.
Theorem 2. For any irreducible exotic sheaf
This will be deduced from purity of irreducible perverse sheaves on the affine flag variety for the Langlands dual group via results of [AB] .
1.2. Koszul duality conjecture. In this section we attempt to explain the origin of our method.
To clarify the idea behind the argument we gather together various functors, some of which are used in this paper:
Here D b (P sph ) (where "sph" stands for "spherical") is the category of perverse sheaves on the affine Grassmannian for the Langlands dual group Gˇsmooth along the Schubert stratification; the equivalence (I) is defined in [ABG] . Unlike the other functors appearing above, this equivalence comes from an equivalence of abelian categories. Neither (I), nor the category P sph are used in the paper, they are mentioned here to clarify the picture; thus we will use only the first, "algebraic" part of [ABG] .
The equivalence (II) is also introduced in [ABG] . The category DGCoh G (Ñ) here is the (derived) category of DG modules over a certain DG algebra with zero differential, such that the category of modules over its cohomology algebra is naturally identified with Coh G (Ñ). We do not go into details here, referring the interested reader to [ABG] . Instead we use composition of functors (III) and (II). We remark that providing the composite functor (17) below is essentially equivalent to providing equivalence (II).
(IV) is the forgetful functor, restricting the equivariance from G × G m to G. Finally, D b (P asph ) (where "asp" stands for "anti-spherical") is a certain category of perverse sheaves on the affine flag variety of the Langlands dual group Gˇ, and (V) is proved in [AB] (see section 4 below for more details). This equivalence will be used in order to deduce the key positivity Lemma (Lemma 6 in section 2.5) below from purity for perverse sheaves on the affine flag variety.
The shortest (though, perhaps, the least elementary) description of the exotic t-structure on D G (Ñ) is as follows: it is the transport of the tautological t-structure on D b (P asph ) by means of the equivalence (V); the exotic t-structure on D G×Gm (Ñ) is then the unique t-structure compatible with the exotic t-structure on D G (Ñ). Thus an irreducible exotic sheaf goes to an irreducible object of
Comparing this with Theorem 2 we discover a relation between tilting objects in P asph and irreducible objects in P sph . This illustrates the following conjecture, which inspired the methods of the present work; we refer to [BGS] for the terminology (which will not be used elsewhere in this paper).
Conjecture. There exists a Koszul duality auto-equivalence, in the sense of [S] , [BGS] In fact, the second part of the conjecture can be derived from the above mentioned results of [AB] , [ABG] , and the present paper. I also believe that the first part of the conjecture can be proven by the methods of [S] complemented by some results of [AB] . Let us also remark, that the suggested equivalence is not a generalization of the equivalence described in [BGS] , but rather of its variant described in [BG] .
Finally, let us mention that the exotic t-structure on the derived category of coherent sheaves onÑ appears in some other contexts, e.g. it is related to the t-structures appearing in [BMR] , and, conjecturally, 1 to modules over the affine Lie algebra on the critical level studied by Frenkel and Gaitsgory, cf. [FG] .
1.3. Plan of the paper. In section 2, after some preliminaries about mutations of exceptional sets, and t-structures defined by generating exceptional sets, we define the exotic t-structure on D G (Ñ), D G×Gm (Ñ); we also relate it to the middle perversity t-structure on D G (N). We finish the section by stating the positivity Lemma. In section 3 modules over the quantum group at a root of unity appear: we recall the results of [ABG] which relate their derived category to D G×Gm (Ñ). We then derive from the Positivity Lemma that a functor constructed in [ABG] sends irreducible exotic sheaves to tilting modules over a quantum group (up to a homological shift). In section 4 we recall from [AB] the equivalence between D G (Ñ) and a certain derived category of perverse sheaves on the affine flag variety for the Langlands dual group. It sends irreducible exotic sheaves to irreducible perverse sheaves, and the grading on Hom spaces coming from the G m -equivariant structure is related to Frobenius weights. This allows to deduce Positivity Lemma from purity of irreducible perverse sheaves (see also Remark 7 below).
1.4. Notations. Fix an algebraically closed ground field k of characteristic zero.
1.4.1. Notations related to G. Let Λ be the weight lattice of G, and Λ + ⊂ Λ be the set of dominant weights. For λ ∈ Λ + we let V λ be the corresponding irreducible representation of G. We let W f be the Weyl group of G, and W = W f ⋉ Λ be the extended affine Weyl group. Let ℓ : W → Z ≥0 be the length function. For λ ∈ Λ let δ λ denote the minimal length of an element w ∈ W f such that w(λ) ∈ Λ + . Notice that ℓ(λ) = δ λ + w(λ), 2ρ if w ∈ W f and w(λ) ∈ Λ + .
Notations for triangulated categories.
For a triangulated category D and X, Y ∈ D we will use the notation Hom
For a set S of objects in D we will denote by ≪ S ≫ the full triangulated subcategory generated by S; and by S the full subcategory generated by S under extensions. Thus ≪ S ≫ is the smallest strictly full triangulated subcategory of D containing S; and S is the smallest strictly full subcategory containing S and closed under extensions (we say that C ⊂ D is closed under extensions if for any X, Y ∈ C and any exact triangle
If C ⊂ D is a full triangulated subcategory we can form the quotient triangulated category D/C; we will write X ∼ = Y mod C for X, Y ∈ D meaning that the images of X and Y in D/C are isomorphic.
For a category C let [C] be the set of isomorphism classes of C. 
Direct and inverse image functors on the derived categories of (quasi)coherent sheaves etc. are understood to be the corresponding derived functors, unless stated otherwise.
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2. Coherent sheaves: exotic t-structure, and Positivity Lemma.
In this section we define the exotic t-structures on
. The construction will use the notion of an exceptional set in a triangulated category; we start by recalling this notion.
2.1. Exceptional sets and quasi-hereditary hearts. Most of the material in this section is borrowed from [BK] or [BGS] .
2.1.1. Admissible subcategories. For a subcategory C in an additive category D let us (following [BK] ) write
for the strictly full subcategory in D consisting of objects X for which Hom(A, X) = 0 (respectively Hom(X, A) = 0) for all A ∈ C. The subcategories C ⊥ , ⊥ C are called respectively the right and left orthogonal of C. A full triangulated subcategory C ⊂ D is called right (respectively, left ) admissible if the following equivalent conditions hold (see e.g. [BK] , Proposition 1.5).
a) The inclusion functor C ֒→ D has a right (respectively, left) adjoint.
Exceptional sets.
Let D be a k-linear triangulated category. We assume it is of finite type, i.e. the k vector space Hom
i , i ∈ I} be an exceptional set. For i ∈ I let D <i be the full triangulated subcategory generated by ∇ j , j < i.
Let ∆ = {∆ i , i ∈ I} be another subset of Ob(D) (in bijection with ∇). We say that ∆ is
and there exists an isomorphism
It is easy to see then that Hom
that the dual set equipped with the opposite ordering is exceptional; and that it is unique if it exists (up to an isomorphism, which is fixed uniquely by fixing (2)); see e.g. Lemma 2 in [B2] . Moreover, we have
a) The triangulated subcategory C =≪ ∇ ≫ generated by ∇ is both left and right admissible.
b) The dual exceptional set exists.
Proof (a) is Corollary 2.10 in [BK] . (b) follows from (a): set C n = ⊥ ∇ 1 , . . . , ∇ n−1 ; then C n is a right admissible subcategory, thus there exists a functor Π n : D → C n right adjoint to the inclusion. We set ∆ n = Π n (∇ n ); the desired properties on ∆ n follow by a straightforward verification.
2.1.3. t-structure of an exceptional set and quasi-hereditary categories. Let ∇ = (∇ i ) be an exceptional set in a finite type triangulated k-linear category D; here i runs over Z >0 , or [1, .., n]. Let ∆ i be the dual exceptional set. Assume that D =≪ ∇ ≫.
We refer e.g. to [B2] for a proof of the next Proposition; here we remark only that the t-structure is obtained by applying gluing of t-structures construction from [BBD] , §1.4.
Proposition 2. a) There exists a unique
A denote the heart of the above t-structure. Then every object of A has finite length. For every i the image L i of the canonical arrow ∆ i → ∇ i is irreducible. The objects L i are pairwise non-isomorphic, and every irreducible object in A is isomorphic to L i for some i. The t-structure induces a t-structure on D i =≪ ∇ 1 , . . . , ∇ i ≫; the heart of the latter, A i is the Serre subcategory in A generated by
Remark 1. An abelian category satisfying the properties summarized in Proposition 2(d) is called a quasi-hereditary category (or Kazhdan-Lusztig type category, or highest weight category) see e.g. [CPS] or [BGS] .
Remark 2. The reader can keep in mind the following example. Let D be a full subcategory in the bounded derived category of sheaves of k-vector spaces on a reasonable topological space (or of etale sheaves on a reasonable scheme), consisting of complexes whose cohomology is smooth along a fixed (reasonable) stratification. Assume for simplicity that the strata Σ i are connected and simply-connected, and satisfy H >0 (Σ j ) = 0; we write j < i if Σ j lies in the closure of Σ i . Let j i denote the embedding of Σ i in the space. Let p i be arbitrary integers. Then objects
is the dual set. The t-structure of this exceptional set is the perverse t-structure [BBD] corresponding to perversity p = (p i ).
2.1.4. Mutation of an exceptional set. Let (I, ) be an ordered set, and ∇ i ∈ D, i ∈ I be an exceptional set. Let ≤ be another order on I; we assume that either I is finite, or the ordered
Remark 3. The above notion of mutation of an exceptional set is related to the action of the braid group on the set of exceptional sets in a given triangulated category constructed in [BK] (this action is also called the action by mutations). Assume for simplicity that an exceptional set ∇ is finite. Then a pair of orders ( , ≤) on ∇ defines a permutation σ of ∇. The ( , ≤) mutation of ∇ can also be obtained by the action of an elementσ of the braid group on ∇; hereσ is the minimal length lifting of σ to an element of the braid group.
Graded version.
Here we extend (in a rather straightforward manner) the above results about exceptional sets to some infinite exceptional sets. An example of the situation discussed in this subsection arises from a graded quasi-hereditary algebra: the bounded derived category of finitely generated modules is generated by a finite exceptional set, but the corresponding derived category of graded modules is not, because its Grothendieck group has infinite rank (the set of irreducibles has a free action of Z by shifts of grading, hence is infinite). Let D be a k-linear triangulated category equipped with a triangulated auto-equivalence which we call shift of grading (or just shift), and denote F → F(1); its powers are denoted
We record the graded analogs of the previous two Propositions.
The dual set ∆ i to a graded exceptional set is defined by conditions
and Hom
• gr (∆ i , ∇ j ) = 0 for i = j; that the dual set equipped with the opposite ordering is exceptional; and that it is unique if it exists.
Proposition 3. Let ∇ ⊂ Ob(D) be a finite graded exceptional set.
a) The triangulated subcategory C =≪ ∇ ≫ generated by ∇(k), k ∈ Z is both left and right admissible.
b) The dual graded exceptional set exists.
Proof (b) follows from (a) as in Proposition 1. We prove (a) by induction on the number of elements in ∇. If this number is one, then the functors X → n∈Z Hom
•
respectively, right and left adjoint to the inclusion. This makes the base of induction. The induction step readily follows from the next Lemma applied to
Assume that both C 1 and C 2 are left and right admissible in D. Then C is also left and right admissible in D.
Proof See [BK] , Proposition 1.12. We now assume that D =≪ ∇(k) ≫, k ∈ Z where ∇ = (∇ i ) is a graded exceptional set, which is either finite or indexed by positive integers. We let ∆ i be the dual graded exceptional set.
Proposition 4. a) There exists a unique
A denote the heart of the above t-structure. Then every object of A has finite length.
The objects L i (k) are pairwise non-isomorphic, and every irreducible object in A is isomorphic to L i (k) for some i, k. The t-structure induces a t-structure on D i =≪ ∇ 1 , . . . , ∇ i ≫; the heart of the latter,
2.1.6. Tilting objects. Let D be a triangulated category generated by an exceptional set ∇, let ∆ be the dual set, and A be the heart of the corresponding t-structure.
Recall that an object X ∈ A is called tilting if it has a filtration with associated graded ∇ i ; and also has a filtration with associated graded ∆ i . Classification of indecomposable tilting objects follows from [R] : for every i ∈ I there exists a unique (up to isomorphism) indecomposable tilting object T i ∈ A which lies in A ≤i but not in A <i ; and every indecomposable tilting object is isomorphic to T i for some i ∈ I. We have a surjective morphism T i → ∇ i whose kernel has a filtration with associated graded ∇ j , j < i; and an injective morphism ∆ i → T i whose cokernel has a filtration with associated graded ∆ j , j < i Lemma 3. Assume X ∈ D is an object, such that Hom i (∆ k , X) = 0 = Hom i (X, ∇ k ) for i > 0 and all k. Then X lies in A, and is a tilting object therein.
Proof Conditions of the lemma imply by a standard argument that
It is well known that the latter condition implies that X is tilting.
2.2. Sheaves on the nilpotent cone. In this section we recall some results and notations from [B2] .
Let R + ⊂ Λ be the subsemigroup (with 0) generated by positive roots. Let be the standard partial order on Λ; i.e. λ µ if µ − λ ∈ R + . For λ ∈ Λ we let O G/B (λ) ∈ Coh G (G/B) be the corresponding line bundle on G/B, and 
where O runs over the set of G orbits in N, and
2 . All objects in the heart P of this t-structure have finite length; as was pointed out in the Introduction for a pair (O, L) , where O ⊂ N is a G orbit, and L is an irreducible G-equivariant vector bundle on O there is a unique irreducible object IC O,L supported on the closure of O, and satisfying
We will use the bijection between Λ + and the set of pairs (O, L) as above constructed in
The following facts were proved in [B2] :
where Im refers to the image of the unique (up to scaling) non-zero morphism with respect to the perverse t-structure, and w o ∈ W f is the longest element;
Finally, we recall a result of [B] which will be used to deduce Corollary 3 (Humphreys' conjecture) (and will not be used elsewhere in the paper).
Proposition 5. Let λ ∈ Λ + ⊂ W , and let c ⊂ W be the two-sided cell containing λ. Let (O λ , L λ ) be the orbit and an irreducible vector bundle on it, corresponding to λ as above. Then O λ ⊂ N is the orbit corresponding to c under the bijection defined in [Lc] .
2 To simplify notations we use here a normalization different from the one used in [B2] : the two t-structures 2.3. Exotic t-structure. The category D G×Gm (Ñ) is equipped with a shift functor F → F(1), where F(1) stands for the tensor product of F with the tautological character of G m . For F, G ∈ D G×Gm (Ñ) we have Hom
, where the restriction of equivariance functor is omitted from the notation.
Lemma 4. We have Hom
Here by RΓ G we mean the derived functor of the functor
Recalling thatÑ = G × B n we see that (13) holds when i = 0 and F ∈ Coh G (Ñ). It remains to check that the δ-functor F → (H i (n, F| n )) T is effaceable. The category QCoh G (Ñ) of Gequivariant quasi-coherent sheaves has enough objects adjusted to Γ (and hence to Γ G ), which are of the form Av(F), F ∈ QCoh(Ñ); here Av : QCoh(Ñ) → QCoh G (Ñ) is the "averaging" functor, right adjoint to the forgetful functor QCoh G (Ñ) → QCoh(Ñ). We have Av(F) = a * pr * (F), where pr : G ×Ñ →Ñ, and a : G ×Ñ →Ñ are the projection and the action maps. It is easy to see that Γ(Av(F))| n is an injective module over the Lie algebra n. This implies (13).
We now claim that the right hand side of (13) vanishes for F = O λ if −λ ∈ R + . Indeed, the standard complex for H
• (n, Γ(O(λ))| n is Λ(n * ) ⊗ Sym(n * ) with some differential; the action of T is the natural action twisted by λ. If −λ ∈ R + , then the space of T invariants in the complex vanishes, hence so does the space of T invariants in its cohomology.
Proposition 6. Equip Λ with any order compatible with the partial order . Then the set of objects O λ indexed by Λ with this order is an exceptional set generating
Proof The set in question is (graded) exceptional by Lemma 4. The set O λ generates D G (Ñ) by (7); O λ,n generate D G×Gm (Ñ) by a similar argument. We now introduce another partial ordering ≤ on Λ. To this end, recall the (2-sided) Bruhat partial order on the affine Weyl group W . For λ ∈ Λ let w λ be the minimal length representative of the coset W f λ ⊂ W . We set µ ≤ λ if w µ precedes w λ in the Bruhat order. Thus the two orders coincide on Λ + ⊂ Λ, but differ otherwise. We fix a complete order compl on Λ compatible with ; and another complete order ≤ compl compatible with ≤; one can show that Λ, ≤ compl is isomorphic to Z ≥0 (indeed, for a given λ ∈ Λ there are only finitely many µ ∈ Λ such that µ ≥ λ).
We define the (graded) exceptional set ∇ λ (resp., ∇ λ,0 ) to be the ( compl , ≤ compl ) mutation of the set O λ (resp., O λ,0 ), where d = dim N 2 . We let ∆ λ (respectively, ∆ λ,0 ) be the dual (graded) exceptional sets. Definition 1. The exotic t-structure on D G (Ñ) (resp. D G×Gm (Ñ)) is the t-structure of the (graded) exceptional set ∇ λ (resp. ∇ λ,0 ).
We let E G (Ñ), E G×Gm (Ñ) denote the hearts of the exotic t-structures on D G (Ñ), D G×Gm (Ñ) respectively. In view of Propositions 2, 4 (isomorphism classes of) irreducible objects in E G (Ñ) are in bijection with Λ, while irreducible objects in E G×Gm (Ñ) are in bijection with Λ × Z. For λ ∈ Λ, n ∈ Z we let E λ ∈ E G (Ñ), E λ,n ∈ E G×Gm (Ñ) be the corresponding irreducible objects.
Remark 4. Although the definition seems to depend on an arbitrary choice of complete orders compl , ≤ compl on Λ, the proof of Lemma 5 below shows that in fact it does not; it is easy to deduce that neither do the exotic t-structures.
Exotic and perverse.
Lemma 5. For λ ∈ Λ + and any
Proof We prove the first isomorphism, the proof of the second one is similar. It suffices to show that (14), (15) together with (10) imply the Proposition because projection to the quotient category identifies the right orthogonal to a full triangulated subcategory with a full subcategory in the quotient.
Let conv(λ) denote the intersection of Λ with the convex hull of the W f orbit W f (λ) in Λ ⊗ R; and set conv 0 (λ) = conv(λ) \ W f (λ). The following elementary combinatorial fact is well known: if µ ≤ λ then µ ∈ conv(λ); if, moreover, µ ∈ W (λ), then µ λ.
In particular, if λ, µ ∈ Λ + and µ ≺ λ, then ν < λ for any weight ν of V µ . The equivariant vector bundle V µ ⊗ OÑ has a filtration with associated graded O ν , where ν is a weight of V µ . Hence 0 = Hom
(where we used the well-known fact Rπ * (OÑ) = O N ) which implies (14) by (12).
⊥ ; here by a left projection we mean the functor left adjoint to the inclusion. Then for ν < λ we have Hom
• (O ν , Π λ ) = 0: if ν ≻ λ this holds by the definition of Π λ ; and otherwise it holds because ν ≻ η for all η ∈ S λ ∪ {λ},
. This shows that Π λ ∼ = ∇ λ . By the above combinatorial fact we have S λ ⊂ conv 0 (λ). It follows from (11) that π * :
Thus, again using (11) we get:
is equipped with the exotic, and D G (N) with the coherent t-structure.
Proof Compare the definition of the exotic t-structure with (8) and Lemma 5.
Proof Recall that E λ is the image of the unique (up to a constant) non-zero morphism C λ : ∆ λ → ∇ λ ; by Corollary 1 π * (E λ ) is the image of the morphism π * (C λ ) : A wo(λ) → A λ . We have either π * (C λ ) = 0, so that π * (E λ ) = 0; or π * (C λ ) = 0, in which case
which is impossible by (10).
Remark 5. We will see below (in a somewhat indirect way) that π * (E λ ) = 0 for λ ∈ Λ + .
2.5. Positivity Lemma. We state the key result which formally implies our main Theorem 3; the proof appears in section 4.
Lemma 6. Hom i (∆ λ,n+δ λ , E µ,δµ ) = 0 if i > n;
for notations).
Remark 6. The Lemma is equivalent to the statement that some Z graded vector spaces have trivial components of negative degree; hence the name.
Remark 7. There are several results in representation theory, Kazhdan-Lusztig conjecture being the first and the most famous one, which are proved by identifying an algebraically defined vector space with a (co)stalk of an irreducible perverse sheaf, and then using the deep information about the action of Frobenius on this (co)stalk provided by Purity Theorem from [BBD] . Our strategy for proving Lemma 6 is also like this. Notice also that the proof of the key Lemma 6 uses purity of perverse sheaves on affine flag variety. However, in view of comparison (or rather "Koszul duality") between the derived category of perverse sheaves and the derived category of quantum group modules (see 3.1 below) purity (which is a general property of Weil perverse sheaves of geometric origin) implies pointwise purity, which does not hold for arbitrary perverse sheaves (but holds for sheaves on (affine) flag varieties smooth along Schubert stratification) -this implication follows from the algebraic Lemma 3 in section 2.1.6 above. This is another illustration of a relation between the pointwise purity property and Koszul duality formalism.
Quantum group modules: proof modulo the Positivity Lemma
We start by fixing notations. Recall that irreducible objects of U q − mod are parametrized by their highest weight λ ∈ Λ + . For λ ∈ Λ + let V (λ) be the corresponding irreducible representation. We have the dot action of the affine Weyl group W on Λ, w : µ → w · µ = w(µ + ρ) − ρ (in particular, the subgroup Λ ⊂ W acts by λ : µ → µ + lλ). By the linkage principle [APW] the irreducible object V (λ) lies in the block U q − mod 0 iff λ lies in the W orbit of 0. For w ∈ W we have w · 0 ∈ Λ + iff ℓ(w) ≤ ℓ(w f w) for all w f ∈ W f . There is exactly one such element in each left coset of W f in W . On the other hand, Λ −→W f \W . Recall that w λ is the minimal length representative of the coset W f λ ⊂ W , and set L λ = V (w λ · 0). E.g. for λ ∈ Λ + we have L λ = V (lλ), while for a strictly anti-dominant λ we have L λ = V (w o (λ) − 2ρ), where w o ∈ W f is the longest element.
Similarly, we let Weyl λ = Weyl(w λ · 0), coWeyl λ = coWeyl(w λ · 0) be the Weyl module and dual Weyl module with highest weight w λ · 0, and T λ = T (w λ · 0) be the corresponding tilting module.
3.1. Some results of [ABG] . The result of [ABG] yields a functor Ψ :
the latter isomorphism is B-equivariant (here we use notation Γ for the functor of global sections on D B×Gm (n); we write "Γ" rather than "RΓ" since n is affine, thus the functor of global sections is exact). Also, for V ∈ Rep(G) we have
where F r : U q → U (g) is Lusztig's quantum Frobenius morphism.
Proof The left hand side can be rewritten as
where V λ is an irreducible U (g) module with highest weight λ (see [AG] ). Using (18) for λ = 0, and (20) we can rewrite it as
We are ready to give the precise statement of the main result.
Consequences of Theorem 3. Recall the functors H, H from the Introduction, and perverse IC sheaves IC
, and L is an irreducible G-equivariant vector bundle, see [B2] , [B] .
The following contains a more precise version of Theorem 1.
Corollary 2. a) For λ ∈ Λ the sheaf H(T λ ) is isomorphic to the direct sum of all cohomology sheaves of the complex
Proof a) follows directly from Theorem 3 and (19). The isomorphism H(T λ ) ∼ = RΓ(E λ ) follows from Theorem 3 and Proposition 8.
+ it is easy to show that H(T λ ) = 0, see e.g. [O] , §3.2. Then Proposition 2 of [B] implies the following version of a conjecture by J. Humphreys [H] . [Lc] .
Remark 8. Corollaries 2(b) and 3 imply conjectures in §3.2 of [O] . Indeed, the classes of IC O,L in the Grothendieck group K(Coh G×Gm (N)) form the canonical basis of the latter group in the sense of [O] ; this is proved in [B] . Example 1. (cf. [O] , end of §3.2) When the equivariant vector bundle L is trivial we have
where j : O ֒→ N is the embedding, j * stands for the non-derived direct image, and N m :Ô →Ō is the normalization morphism for the closurē O of O (see [B2] , Remark 10). Thus for some indecomposable tilting T λ we get H(T λ ) = OÔ. In fact, [B] , Proposition 1 implies that this happens precisely when w λ is a Duflo involution in the affine Weyl group.
3.3. Proof of Theorem 3 modulo the Positivity Lemma. We start with
Proof We prove the first isomorphism, the second one is similar. Set Recall the Quantum Weak Borel-Weil Theorem of [APW] , which implies that RInd
In view of the obvious equality Ψ(D
Now observe that by (21) we have Ψ(∇
Together with (21) this is well-known to imply the first isomorphism of the Lemma.
We are now ready to prove Theorem 3.
Comparing the Positivity Lemma 6 with (16) and (17) we see that
for k > 0, and similarly Hom k (Ψ(E λ,δ λ ), coWeyl µ ) = 0 for k > 0. By Lemma 3 this implies that Ψ(E λ,δ λ ) is a tilting object of U q − mod 0 . The endomorphism algebra End(Ψ(E λ,δ λ )) ∼ = Hom
• (E λ , E λ ) carries a grading by non-negative integers, with one-dimensional component of degree zero. Hence it has no nontrivial idempotents, thus Ψ(E λ,δ λ ) is indecomposable. Finally, (22) 
Constructible sheaves on affine flags: proof of Positivity Lemma
The objective of this section is to express the Hom spaces in Lemma 6 as eigenspaces of Frobenius acting on a (co)stalk of an IC sheaf; this is achieved in Corollary 6. 4.1. Perverse sheaves on affine flags for Gˇ. Recall some results of [AB] .
3 Fix q = p a where p is a prime number. Consider the Langlands dual group Gˇover the base fieldF q ; the "loop" group ind-scheme GˇF q((t)) and its group subschemes GˇO ⊃ I, I − ; thus we have
, and
I, I
− are opposite Iwahori subgroups in Gˇ F q ((t)) . The affine flag variety (ind-scheme) Fℓ is the homogeneous space GˇF q((t)) /I.
3 Notice a discrepancy in notations between [AB] and the present paper: the group denoted by G here corresponds to Gˇof [AB] , and vice versa.
4.1.1. Iwahori-Whittaker sheaves and equivalence Φ. Let P asph denote the category of IwahoriWhittaker perverse sheaves; this is a subcategory in the category of perverse l-adic sheaves on Fℓ defined in [AB] , §2.5 (it is denoted P IW in loc. cit.); it consists of perverse sheaves which "transform as a non-degenerate character" under the action of the pro-unipotent radical of the Iwahori group I − . The group scheme GˇO acts on Fℓ, and the orbits of this action are indexed by the set W f \W ←−Λ. For λ ∈ Λ let Fℓ λ be the corresponding GˇO orbit, and i λ : Fℓ λ ֒→ Fℓ be the imbedding.
For λ ∈ Λ there is a unique (up to isomorphism) irreducible object IC et λ ∈ P asph whose support is the closure of Fℓ λ ; also there is a unique standard object ∆ 
where ι λ : x λ ֒→ Fℓ is the embedding, and d λ = dim Fℓ λ . The objects ∆ One of the main results of [AB] is an equivalence of triangulated categories
4.1.2. I-equivariant sheaves. Let D I (Fℓ) be the I-equivariant derived category of l-adic sheaves on Fℓ, and P I ⊂ D I (Fℓ) be the subcategory of perverse sheaves. Convolution of equivariant complexes provides D I (Fℓ) with a structure of monoidal category, and it provides D b (P asph ) with a structure of a (right) module category;
4 we denote convolution of complexes
The equivalence Φ is obtained as a composition Φ = Av I − ,ψ •F . Here Av I − ,ψ is the functor of "averaging against a character" ψ, we have Av I − ,ψ :
. We have F (O λ ) = J λ where J λ is the Wakimoto sheaf, see [AB] , [ABG] , [GH] ; and F (V λ ⊗ OÑ) = Z λ is the central sheaf constructed in [G] .
Also, it is proved in [AB] that Av I − ,ψ : P I → P asph , i.e. Av I − ,ψ is t-exact. The I orbits in Fℓ, also called Schubert cells, are indexed by W ; for w ∈ W let S w denote the corresponding Schubert cell, and j w : S w ֒→ Fℓ be the embedding. We have J λ ∈ P I , the 4 Here we use that D b (P asph ) is identified with a full subcategory in the derived category of constructible sheaves on Fℓ, cf. [AB] , Lemma 1. support of J λ is the closure of S λ , and we have (24) supp(Av I − ,ψ (J λ )) = Fℓ
where supp stands for "support", and Fℓ λ is the closure of Fℓ
We will need another simple geometric property of the Wakimoto sheaves.
Proof It suffices to show that Hom • (J λ , j w * ) = 0 for w ∈ W f λ, w = λ. Let w max ∈ W be the maximal length element of the coset W f λ, and set w 1 = w max w −1 . We have w ∈ W f and ℓ(w 1 w) = ℓ(w 1 ) + ℓ(w). It follows that j w1 * j w * = j wmax * . Since the functor F → j w1 * * F is an equivalence (with inverse equivalence given by F → j w1! * F) it is enough to check that Hom
• (j w1 * * J λ , j wmax * ) = 0. Thus we will be done if we check the (closure of) the support of j w1 * * J λ does not contain S wmax . We claim that in fact this support coincides with the closure of S w1λ , which clearly does not contain S wmax . To check that supp(j w1 * * J λ ) = S w1λ we check that j w1 * * J λ is a perverse sheaf, and that the Euler characteristic of its stalk at a point x ∈ Fℓ equals 1 if x ∈ S w1λ , and 0 otherwise. The claim about the Euler characteristic is standard. To prove that j w1 * J λ is perverse we use a trick due to Mirkovic (cf. [AB] , Appendix 6.1). Recall that if λ = µ 1 − µ 2 where µ 1 , µ 2 ∈ Λ + , then J λ = j µ1 * * j −µ2! . Since w 1 ∈ W f , µ ∈ Λ + we have ℓ(w 1 µ 1 ) = ℓ(w 1 ) + ℓ(µ 1 ). Thus we have j w1 * * J λ = j w1 * * j µ1 * * j −µ2! = j w1µ1 * * j −µ2! . The convolution j u * * j v! is perverse for any u, v ∈ W , see [AB] , Appendix 6.1. 4.1.3. Exotic coherent and perverse constructible sheaves.
≺λ (P asph )) be the subcategory of complexes supported on Fℓ λ (respectively, on Fℓ λ \ Fℓ λ ). In view of (24) we get, by induction in λ, that
; and similarly with replaced by ≺.
, which means that Φ(∇ λ ) is supported on Fℓ λ and its "shriek" restriction to the boundary of Fℓ λ vanishes. Also we have
Thus we are done by (24).
Corollary 4. Φ sends the exotic t-structure to the tautological one, and
Proof Compare the definition of the exotic t-structure with Remark 2; observe also E λ is the image of the unique (up to a constant) non-zero morphism ∆ λ → ∇ λ , while IC 
4.2. Frobenius weights. By a Weil complex on a scheme X defined over F q we will mean an object F in the "derived category" of l-adic sheaf on XF q equipped with an isomorphsim F r * (F) ∼ = F; a Weil perverse sheaf is a Weil complex which is also a perverse sheaf. By [BBD] , Proposition 5.1.2, the category of Weil perverse sheaves on X contains the category of perverse sheaves on the scheme over F q as a full subcategory.
Recall compatibility of F with Frobenius. Let q :Ñ →Ñ be the multiplication by q map, q : (b, x) → (b, qx). Then we have (see [AB] , Proposition 1):
Fix a square root of q, q 1/2 ∈ Q l . Then for F ∈ D G×Gm (Ñ) the G m -equivariant structure induces an isomorphism of objects in D G (Ñ):
(recall that the action of G m onÑ is given by t : (gB, x) → (gB, t 2 x)). By means of (25) we get an isomorphism
Thus we get a functorF from D G×Gm (Ñ) to the category of Weil complexes on Fℓ. Notice that the choice of q 1/2 defines also a square root F → F( 1 2 ) of the functor of Tate twist on the category of Weil sheaves (complexes) on an F q -scheme.
We upgrade the sheaf ∆
It is clear that ∆ et 0 is pure of weight zero. Then we get a functorial isomorphism F r * (Φ(F)) ∼ = Φ(F) for all F ∈ D G×Gm (Ñ). In particular, for F ∈ E G×Gm (Ñ) the perverse sheaf Φ(F) is equipped with a Weil structure, thus we get a functorΦ from E G×Gm (Ñ) to Weil perverse sheaves on Fℓ. Let us record the following statement, immediate from the definitions.
preserves the direct sum decomposition, and equals q −n/2 on the n-th summand.
Lemma 11. Set J λ,n =F (O λ,n Proof Let V λ be an irreducible representation of G with extremal weight λ. Recall from [AB] that Z λ = F (V λ ⊗ OÑ) is the central sheaf introduced in [G] , in particular it is a perverse sheaf. The sheaf V λ ⊗ OÑ carries an obvious G m equivariant structure; letZ λ =F (V λ ⊗ OÑ) be the corresponding Weil perverse sheaf. It follows from the construction of (26) in [AB] that this Weil structure on Z λ coincides with the Weil structure defined in [G] .
The G m equivariant vector bundle V λ ⊗ OÑ carries a filtration with associated graded O ν,0 , where ν runs over weights of V λ . It induces a filtration onZ λ with subquotients J ν,0 . Furthermore, it is known (see [AB] , [GH] ) that S λ is open in the support of both J λ and Z λ , dense in the support of J λ and does not intersect the support of J ν if ν is a weight of V λ and ν = λ. It follows that J λ,0 | S λ ∼ =Zλ|S λ , and it suffices to see that the sheaf in the right hand side of the latter isomorphism has weight zero. This is clear from the construction ofZ λ from [G] . We now define Weil perverse sheaves ∇ The GˇO orbit Fℓ λ fibers over Gˇ/Bˇ; Lemma 8 implies that the sheaf i * λ (J λ ) is (up to shift and twist) the pull-back of the standard sheaf attached to the Bˇorbit in Gˇ/Bˇcorresponding to w λ ∈ W f = Bˇ\Gˇ/Bˇ, where w λ is the minimal length element such that w λ (λ) ∈ Λ + ; notice that ℓ(w λ ) = δ λ . In view of Lemma 11 the claim follows now from the next Lemma. For w ∈ W f let i w : (Gˇ/Bˇ) w ֒→ Gˇ/Bˇbe the embedding of the corresponding Bˇorbit in Gˇ/Bˇ. )) provided ℓ(w 1 w 2 ) = ℓ(w 1 ) + ℓ(w 2 ). Thus it is enough to prove the Lemma for w = s being a simple reflection. Then we have a short exact sequence of perverse sheaves 0 → L s → i s! (Q l [1](1/2)) → δ e (−1/2) → 0 where δ e is the sky-scraper at the Bˇ-invariant point, and L s is the constant sheaf (twisted and shifted) on the closure of the orbit (Gˇ/Bˇ) s ∼ = P 1 . It is easy to see that W h * L s = 0, and W h * δ e ∼ = W h. The Lemma follows.
We are now ready to express Ext's between coherent sheaves appearing in the positivity lemma in terms of perverse sheaves.
Assume that x λ is defined over F q . Then for a Weil perverse sheaf F on Fℓ the graded vector spaces i * λ (F), i ). Proposition 9 shows that C λ is an algebraic number all of whose conjugates have absolute value one (in fact, it is easy to see that C λ is a root of unity). Let i * λ (F) (m) [n] , i ! λ (F) (m) [n] denote the q m/2 C λ eigenspace in the n-th cohomology space of the corresponding (co)stalk.
Corollary 6. We have canonical isomorphisms
[n] ;
[n] .
Proof It is clear that the right hand sides can be rewritten as 4.3. Proof of the Positivity Lemma. By Propostition 9 IC µ | Fℓ µ is pure of weight zero. Hence IC µ is pure of weight zero by [BBD] , Corollary 5.4.3. Thus for i > 0 the right hand sides of the isomorphisms in Corollary 6 vanish by the definition of a pure sheaf (cf. e.g. [BBD] Corollary 5.1.9).
